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The customary electron flow govermed by Child's law is
laminay and ic one-dimemsional In plene geométry, In reallstic
flows edge effects are of more or less importance, depending oh_the
dimensions of the flow and the energy and current. Magnetic‘forces
are fundamentally two-dimensional, snd in relstivistic, highf
surrent fiows,.mhere magnetic'forces agssume importance comparable
with e1e¢trie'ones{ the one~dimensional trestmenmt becomes
inapplicable. Particularly im sliorz, wide £icws the radial
electric fileld becomes short-civeuited by the electrodes, snd the
fransverss behaviog tends to be domimated by the magmetic field.

Consider the ceonditions eacoumtered by the outermost ray as
the beam vadius is increased. The cemtral zay (all rays are for
the present purpose takem as injected parallel to the axis) is
of course subject to wo force snd lies slomg the axis. At sumll
radil outward electris forces dominate, causing some divergence,

At radii uppfhachtng the electrode spacing d the screeming effect
of the electrodes bégins to be felt so that, due to the magnetic
field, the ray again receives littie deflection. At seill greater
radii the magpetic fleld dominates and vlgimately treapsfers the

the initial and scquired forward mowentum inte inwawrd radisl motion,




It is customary Lo esbimate the conditicons for which this
effect occurs by assuming for the cutermozt electron the uwniform
electric and magnetic flelds (in Gaussism umits) B o vefd,

A= 24i/r. We then write

d = 3400 BAHE-EF) .

This sams relation cap be written in several differenmt ways,
s = - - R
If we set Y = 1+ V@!l?@@ and 8_ i Y, s them

BH = B Y /(v 1),
Thus at this limit, and for relativistic beams, E snd H for the

outside ray axe of the same order of maguitude. We cén alsc

write
S . *.%” - q’% - P
47 = By +2) Ry -1) P{x fd)

wmdex the ssxe conditlons. This relation can be expressed in

practical wnits (megsmperes, megavolts) by the formula
1, = o.0n7(pe 3 e s
Ty Vygy = O My Tof S

The corresponding expression of Child's law (without relativistic
corrections) g
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%va = 5.007% L {'ﬁ:@f’d) .
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IE thase two expressions are seb equal, z relation for rO!d

is obtaineds
o "y
5, /8 = 2.2 R Harm %, (5)

It can therefore be tskem that if fcfé ig below this valoe, the
velt-ampere characteristic of the diode is eassentially given by
(B) snd sccordingly depends em {rﬁf&}an in sone sarly thimking
_(ﬂnsluding outr own) about the behevior of diodes im which rafd
rxeeeds {5) it wasg assumed that the flow iz eut off by megnetron
action and that the limit (&) obtains for ail greater rﬁfﬂ
values. A little desper thought, however, suggesis that chis
conclusion i2 probably wrong, and thet, instead, the volt-ampere
behavier for xeid greater than {5} is more nearly given by (3a).
Fhe flow is thus limited by pimching conditlons withian the diode
region; the rasuitimg crowdimg of the edge charge'inao the bezm
reduceg the fileld near the cathode and thus the curvent relative
to the parallel-plame Child's~law velue. Yhe eviterion for the
determination of the current becomes that condition for which the
sutermost electvon can just cross the g=p. au@plememtad by a new,
self-consistent zevo-field comdition at the cathode. Cuerrent
increasing limearly with roid is then reagomable {at comsiant
voltage) since this insures that the magneibie fie$d 8% the beam
edge remains the same., This kind of srgument raises a2 question
whether the ides of small, closely eveloldal ovbips fs corrects

{mstead, the flew would appear to be wore nesrly lsminar in view
of the reguiyement E ~ K,




In am ettempt to determine whether 8 small-orbit theery cam
be applied o these devices én equation for guiding-center flow
was get up snd z2olved with certain assumed béﬂndary gondivions,
Tt is essy to show that at 8ll polnts the condizion B ?Wi avh i,
where & iz the orbit radlus, ie satisfied; it follows in epsence
from the fact that for all signlficant parts of the fiow the

- radius ie much grester than the imterelectrode spacing. It is

thepefore supposed that the whole drift is due %o the E X H/WF

veloeity., The eguations are
V¥ = bnen,
anf priﬂ[@piaﬂ@ + {Bp!’azba‘:%,
_ _
B (x/21}] (2v/3r) + (aviaz)® B,
p= fumction of V¥ only,
oP ¢ 2 7
I J 2up’ Hp ) dp’.
o

Here J is the density of the axially divected injected current om
an injectiom suvface mear the cathode (mot ai the cathode, since
with this drift motion the flow limes and equipotentials are the
same, and adigbaticity wust therefore f2il st the electrodes) and
p ig the radius, om the injectiecn surfecs, st which thiz curvent

is injected. The scalar curreat densilty at eny poimt enB_ includes
s factor p/vr for the azimuthal conitraction of the imjected ring

of charge amd a factor fpr2+952§%

of the flow linme. Fouation {8} is & statement of the smell-orbit

£o account for the inclinstion
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approximation Bg = BfH; (9) identifies the flow limes with the
equipctentials. The total curvent injected withim p is I.
Without using {9) we get
BV = bE{dnfdp)r 3 (e 2o 2 My 2oy ) K,
cosbining this with {9}, we have
VY = b ®g(agfdp} (dpfav),

a: simply

Py = 2r°® q7®jay, {11)

]

The quentity dI®/dV = £(V), say, is not arbitrary but must be
determinad so as to meat suitable conditioms st the cathode, A
methed of solution 1s thus to assume & form of £(¥) and them to
alter it to improve the miteh to the requirad cathode conditions.
For present purposes this matehing technique will met be required,
since subatantialiy different forme of £, namely © and cv, C

being 2 constant, producd 31&&11@3 sesults in general,

To indicate the gemersl bebavior of the solution we first
simplify by noting that im all geometries comsideved r >> 4,
ox 3/3t << 3f3z, so that we cam approximate V= -~ 3°/32%., How
guppose dI°/dV = CV; define Z = zfd, R = rf&(?ﬁ)&éy i WVO, 80
that

]

Puia® = uinE,




and therefore
= {ginh Z/R)f{sink L/R)
for boundary conditions U(2,R} = ¢, W(1i,R) = 1. Algo
30/ = R™*{cosh 2/R) f{sink 1/R).
We note that this indeed provides vanishingly small Eg &t mul)
for all sufficiently small radii. WHow coniinue to guppose, on
the smali-orbit theory,, that B << H and define a8 surface ag
distance zo = 335@@ Ef‘ﬁa from ¢he cathode where the imjected oubis
is tume% back for the first time. Suppose § = v(z sz : gimce
T = {#) ¥, we have
2 = 1700 22 fev,
or, in normalized units

{2 fR)® einh 2 {B = (3400/V_}sich 1/R.

The flow is impossible £ 2 =1, and 2, <1 forR< W@Bmﬂ%‘.
The potemtial of the gnidimg center at the extrems valuve of R iz

roughly é‘! o Thus we have R = ¥ id{?:{z)% ij{%‘v } = («%@i\% - g fEﬁ .
R = (V f?ﬂ&@@D% V % at the outer radius z_. Comblaing thesu, du

expressing the mault in practical wmits, we get for the tetal
current

Py ~ 0008 W ¥ 1z s0).
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. This is somewhat similar 4in form to, though emaller than, (3a),

It is nevertheless striking that, having started with a smsll-
orbit approximation, we are led back to the gussi-laminar regult

in order of wagnitude.

The resemblance becomes more pronounced when B/H is caleulsted
wiva the emall-orbit {nitial agsuvmption. Fov self-consistency
th.e should be amall, at least within the besm. But we have
B~ 3V/2z = (V_[a)30/a, B = 2L/ = {20}V Jxd = (V_jaju/R,

8 thet BfH = (R/U)DV/Z = coth Z/R. This 1s certainly never
wall compared to 1, so that the resolutiom viclates the initial
sgsumption of small ovbiks; we ave a2gein led back to the B ~ 1B
condition and the corresponding qumsi-laminay flow. Qualitatively
the tnitisl assumption ¢I°/dY = ¢ cam be ehown to lead to &
similar vesult. We comneclude that the orbits are not small, that
the filow i3 quaszi-laminmar, and that the volt-ampere behavior is
approximstely (3a)., Although these arguments fall short of a
true proof, the imdication is stromgly in fawor of this judgment,
at leszt for pure wacuum flow. |

Without detailed sclution it fs not easy to determine
aceurately the total besm comvergemce, although a convergence
which drives sufficiemt charge imto tﬁe beam to reduce the curremt
from (4) to (3a) is evidently required for self-comsistency.
in the hypothetical absence of magnetic forces we could define
& radius of an equivalent parallel beam baving the same curypemt as
the pﬁ,ﬁched beam. If T, is this radius, then

(x /1 )% = 2.28 Wy, Flream ) ¥are )

(15)




The final converged beam radius wiil be smaller than Te if the
saitably averaged charge demgity im the -equivalent and the pimched
beams are to be the same. This argument is imcapable of saying
how much smeller, but it is probably not violeutiy insorrect to
suppose that {15) gives something like the radial comvergence of
the final beam. This can, hovever, oaly be settled by compuver
anzlyeis,




